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In this paper, two diﬀerent approaches for modeling the behaviour of carbon nanotubes are presented. The ﬁrst method
models carbon nanotubes as an inhomogeneous cylindrical network shell using the asymptotic homogenization method.
Explicit formulae are derived representing Young’s and shear moduli of single-walled nanotubes in terms of pertinent
material and geometric parameters. As an example, assuming certain values for these parameters, the Young’s modulus
was found to be 1.71 TPa, while the shear modulus was 0.32 TPa. The second method is based on ﬁnite element models.
The inter-atomic interactions due to covalent and non-covalent bonds are replaced by beam and spring elements, respec-
tively, in the structural model. Correlations between classical molecular mechanics and structural mechanics are used to
eﬀectively model the physics governing the nanotubes. Finite element models are developed for single-, double- and
multi-walled carbon nanotubes. The deformations from the ﬁnite element simulations are subsequently used to predict
the elastic and shear moduli of the nanotubes. The variation of mechanical properties with tube diameter is investigated
for both zig-zag and armchair conﬁgurations. Furthermore, the dependence of mechanical properties on the number of
nanotubules in multi-walled structures is also examined. Based on the ﬁnite element model, the value for the elastic mod-
ulus varied from 0.9 to 1.05 TPa for single and 1.32 to 1.58 TPa for double/multi-walled nanotubes. The shear modulus
was found to vary from 0.14 to 0.47 TPa for single-walled nanotubes and 0.37 to 0.62 for double/multi-walled nanotubes.
 2006 Elsevier Ltd. All rights reserved.
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Carbon nanotubes are a recently discovered allotrope of carbon comprising of long-chained molecules of
carbon with carbon atoms arranged in a hexagonal network to form a tubular structure. They are classiﬁed as0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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tubes are about 20–150 A˚ in diameter and about 1000–2000 A˚ in length. The nanotubes of carbon have
remarkable mechanical, thermal and electrical properties. Mechanically, they are the stiﬀest known materials
along with a predicted strength of about 100 times that of steel at only one-sixth of the weight. With regard to
their thermal properties, nanotubes of carbon are thermally stable up to 2800 C (in vacuum), exhibit a ther-
mal conductivity about twice as high as diamond (Thostenson et al., 2001), and may exhibit a capacity to carry
electric current a thousand times better than copper wires (Collins and Avouris, 2000). Furthermore, carbon
nanotubes can behave either as metals or semi-conductors depending on the arrangement of the carbon atoms
(Mintmire et al., 1992; Tanaka et al., 1992; Hamada et al., 1992). In addition to their elastic and thermal prop-
erties, the bending of some carbon nanotubes has been found to be fully reversible up to a critical angle of 110
(Iijima et al., 1996).
In view of their superior properties nanotubes show substantial promise for use as nanoﬁbers to reinforce
advanced composites. This, coupled with recent advances in nanotechnology and nanofabrication techniques,
has triggered extensive research worldwide in the development and characterization of carbon-nanotube based
multi-functional composites. Qian et al. (2000) reported on one of the early investigations on nanotube-based
composites; it was observed that when nanotubes of about 1% weight are dispersed homogenously into poly-
styrene matrices the elastic modulus increases by 36–42% and the tensile strength improves by about 25%.
Allaoui et al. (2002) fabricated multi-walled carbon nanotube/epoxy resin composites with a ductile matrix
and observed that the yield strength of the resulting material system doubled with 1% weight of nanotubes
and quadrupled as the weight increased to 4%. Furthermore, an increase in thermal conductivity of about nine
times (with 4% weight of CNT) was achieved. A major area of application of carbon nanotube-based compos-
ites is in the development of novel materials which are durable in space environments and which require higher
electrical conductivity for the dissipation of electrostatic charge (ESD). Smith et al. (2002) and Parl et al.
(2002) developed and characterized nanotube polymer composite ﬁlms for spacecraft applications. A recent
work by Ci et al. (2005) successfully produced carbon nanotubes on the surface of alumina ceramic ﬁbers
which can be used as nanoscale reinforcements. In view of their potential in spacecraft applications, the ther-
mal behaviour of nanotubes and their composites has also received the attention of researchers. Wang et al.
(2005a,b) studied the axial buckling response of CNTs under thermal environment. A similar study by Zhang
and Wang (2005) investigated the thermal eﬀects on interfacial stress transfer characteristics of CNTs/polymer
composite systems under thermal environments.
In order to ascertain the potential of carbon nanotubes as structural reinforcements in composite materials,
a proper understanding of their macroscopic elastic properties is essential. As a result, various experimental
and theoretical investigations have been employed to characterize the elastic behaviour of carbon nanotubes.
Various investigators (Treacy et al., 1996; Krishnan et al., 1998; Wong et al., 1997; Salvetat et al., 1999; Lourie
and Wagner, 1998; Yu et al., 2000a,b) have conducted experimental research to study the mechanical prop-
erties of carbon nanotubes. Diﬀerent techniques used by these researchers have reported a wide range of values
for their mechanical properties. The wide scatter in the experimentally reported values can be attributed to the
lack of proper direct measuring techniques at nanometre scale, diﬃculties in test specimen preparation and the
dissimilarities in the method of nanotube manufacture. However, the wide scatter in the experimentally
reported values has prompted many researchers to pursue a variety of theoretical studies on the eﬀective prop-
erties of nanotubes. These are essentially based on two diﬀerent approaches – the quantum/molecular mechan-
ics approach, and the continuum mechanics approach (Xiao et al., 2005). The quantum mechanics approaches
comprise of the classical molecular dynamics and ab initio techniques. However, the use of classical molecular
dynamics requires huge computational resources, and is limited to simulating 106–108 atoms for a few nano-
seconds (Qian et al., 2002; Wang et al., 2004). Similar limitations characterize the ab initio approach. For this
reason, continuum mechanics techniques are becoming increasingly popular. The interrelation of atomistic
and continuum material descriptions is still under research and is not very well established (Qian et al., 2003).
A few recent publications have proposed the development of structure–property relationships for nano-
tubes and nanostructured materials through the substitution of the discrete molecular structure with equiva-
lent continuum models, see Odegard et al. (2001, 2002). The eﬀective geometry and the bending rigidity of a
graphite sheet were calculated by successful substitution of the graphitic structure with equivalent truss and
continuum models. Li and Chou (2003, 2004) suggested a linkage between molecular mechanics and structural
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terize carbon nanotubes based on the eﬀective bending moduli. Wang et al. (2004) studied the relation between
bending moment and bending curvature of CNTs to describe the variation of eﬀective bending modulus-to-
Young’s modulus ratio with ripples in nanotubes. Another investigation by Wang et al., 2005a) studied the
non-linear bending moment–curvature relationship of CNTs with rippling deformation. Xiao et al. (2005)
developed an analytical molecular structural mechanics model based on Morse potential to investigate the
mechanical properties of armchair and zig-zag nanotubes.
Despite these recent eﬀorts, the development of the correlation between the atomic (molecular) and contin-
uum approaches is in its early stages and has been highly limited to single-walled carbon nanotubes.
This paper, presents two diﬀerent continuum-based approaches to investigate the mechanical properties of
carbon nanotubes. The ﬁrst approach, an analytical one, makes use of asymptotic homogenization techniques
to develop constitutive relations for predicting the eﬀective mechanical properties of single-walled carbon
nanotubes (Kalamkarov et al., 2005). These eﬀective properties are estimated from the solution of an appro-
priate local problem set on a periodicity (or unit) cell. The second approach is a numerical one and employs
the ﬁnite element technique to calculate the eﬀective properties of nanotubes. Here, the bonds between carbon
atoms are modeled using equivalent structural elements. The eﬀective elastic properties of the nanotubes are
then calculated using the ﬁnite element deformation results. To the authors best knowledge only limited liter-
ature is available on the numerical prediction of the properties of multi-walled carbon nanotubes. Most of the
available literature reports properties of only single-walled nanotubes using diﬀerent (numerical and experi-
mental) techniques. In this respect, it should be also noted that the yield of single-walled carbon nanotubes
is relatively low and they are therefore more expensive. In contrast, the production of multi-walled carbon
nanotubes (MWCNTs) is more economical and, as such, are better suited for advanced composites and other
applications. As a consequence, it would not be amiss to develop models which predict properties of
MWCNTs. A comparison of both modeling techniques is made along with available experimental and ana-
lytical results.
The organization of this paper is as follows: Section 2 is a brief introduction on the structure of carbon
nanotubes. Section 3 presents the asymptotic homogenization (analytical) approach, and Section 4 discusses
the ﬁnite element approach. Section 5 presents and compares the results obtained from both techniques, and
Section 6 concludes the work.
2. Structure of carbon nanotubes
The superior properties of carbon nanotubes can be attributed to the unique structure and topological
arrangement of carbon atoms in the nanotubes. Carbon nanotubes have a lattice-like tubular structure com-
prising of periodic hexagonal network of bonded carbon atoms. The generation of the tubular structure can be
visualized by rolling up a single graphite sheet while the ends of the tube are closed with fullerene like end caps.
As a result, the carbon atoms in a nanotube are arranged in a hexagonal network to form a toroidal conﬁg-
uration, as shown in Fig. 1.
The direction along which the graphite sheet is rolled up to form the nanotube determines its chirality and
also aﬀects whether the nanotube is metallic or behaves like a semiconductor. This direction of roll is deﬁned
by a vector known as ‘roll-up vector’ or ‘chiral vector’, Ch, and can be expressed as a linear combination of the
unit translational vectors in the hexagonal lattice.Ch ¼ ma1 þ na2 ð1aÞHere, m and n are integers, while a1 and a2 are the vectors of the hexagonal graphite lattice shown in Fig. 1a.
The angle between Ch and a1 is known as the chiral angle, h, and can be calculated as follows (Dresselhaus
et al., 1995):h ¼ sin1
ﬃﬃﬃ
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Table 1
Types of nanotubes based on chiral indices
Type of nanotube Chiral indices: (m,n) Chiral angle, h Tube diameter, DNT
Zig-zag (m, 0) 0 a0m
p
Armchair (m,m) 30
ﬃﬃﬃ
3
p
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Chiral (m,n); m5 n5 0 0 < h < 30
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Fig. 1. Roll-up vector deﬁning the structure of carbon nanotubes. (a) Graphene lattice and (b) carbon nanotube.
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jor categories of nanotubes which could be formed depending on chiral indices (m,n). Typical examples ofFig. 2. Zig-zag, chiral and armchair nanotubes and their corresponding caps (Dresselhaus et al., 1995).
Fig. 3. Hexagonal rings of a single-walled carbon nanotube.
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that in addition to being classiﬁed as single- , double- or multi-walled, nanotubes may in turn have a zig-zag
(m, 0), armchair (m,m), or chiral (m,n) conﬁguration. The radius of any nanotube can be calculated as follows
(Dresselhaus et al., 1995):RNT ¼ length of Ch
2p
¼ a0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2 þ mnþ n2p
2p
ð2Þwhere a0 is the length (in nm) of vector a1 (or a2), see Fig. 1.
The nanotubes modeled in the present study are considered to be open without any fullerene end caps. As
the carbon atoms assume the vertices of a repetitive hexagonal ring, the nanotube under investigation can be
considered as a closed cylindrical structure with hexagonal carbon rings on the cylindrical periphery, as shown
in Fig. 3. However, the cross-section of the open molecular lattice of the carbon nanotubes has no continuum
thickness.
3. Analytical technique based on asymptotic homogenization
The proposed analytical technique assumes that single-walled carbon nanotubes (SWCNT) can be modeled
as a cylindrical network shell with a hexagonal periodicity cell. The shell in turn can be assumed as an inho-
mogeneous thin three-dimensional layer with zero elastic properties in areas of perforation (Kalamkarov et al.,
2005). Due to their periodic conﬁguration, SWCNTs can be modeled using asymptotic homogenization tech-
niques (Kalamkarov, 1987, 1992; Kalamkarov and Kolpakov, 1997). According to this method, two levels of
spatial variables are considered, one for the description of the media at the microscale, and the other variable
for the global changes in the physical ﬁeld of interest at the macroscale. The partial diﬀerential equations of
the problem have coeﬃcients represented by periodic functions in the form of A(x/d) = A(n). The correspond-
ing boundary value problem is treated by asymptotically expanding the solution in terms of the characteristic
small parameter, d, thus making them dependent on both the slow (macroscopic) variable x and the rapidly
oscillating (microscopic) variable n = x/d. For the analytical treatment, the carbon–carbon (C–C) bond is rep-
resented by l, and the bond between adjacent carbon atoms in an hexagonal ring is represented by a circular
bar of diameter d.
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The formulation used in the analytical method is similar to that used in the determination of the eﬀective
coeﬃcients for a composite thin layer (shell) with rapidly varying thickness (Kalamkarov, 1987, 1992; Kala-
mkarov and Kolpakov, 1997; Kalamkarov and Georgiades, 2004; Georgiades and Kalamkarov, 2004). In this
section, only a brief overview will be given. Consider a general regularly inhomogeneous three-dimensional
thin layer obtained by repeating a small unit cell Xd as shown in Fig. 4. Here, (a1, a2 and c) represent an
orthogonal coordinate system, such that the coordinate lines a1 and a2 coincide with the main curvature lines
of the mid-surface of the layer, and c is the coordinate axis normal to the mid-surface.
It is assumed that the thickness of the layer and the tangential dimensions of the periodicity cell of the struc-
ture are small in comparison with the dimensions of the composite layer in whole. These small dimensions are
characterized by a small dimensionless parameter d which deﬁnes both the scale of inhomogeneity in the med-
ium and the thickness of the layer. The unit cell Xd is deﬁned by the following inequalities, see Fig. 4: dh1
2
< a1 <
dh1
2
;  dh2
2
< a2 <
dh2
2
; c < c < cþ ð3aÞwherec ¼  d
2
 dF  a1
dh1
;
a2
dh2
 
. ð3bÞHere, functions F± deﬁne the proﬁles of the upper (S+) and lower (S) surfaces of the layer. F± are assumed to
be piecewise-smooth periodic functions in variables a1 and a2 with a periodicity deﬁned by unit cell Xd.
The solution of this 3D elasticity problem is represented in terms of asymptotic expansions in powers of the
small parameter d. The constitutive relations of the equivalent (homogenized) shell are obtained in terms of
the stress resultants (Nab), moment resultants (Mab) and the mid-surface strains (eab) and curvatures (kab),
see Kalamkarov (1992). They are given asN ab ¼ dhbklabiekl þ d2hbklab ikkl ð4Þ
Mab ¼ d2hzbklabiekl þ d3hzbklab ikkl ð5ÞThroughout this work, it is assumed that Greek indices a, b, k etc. take values 1 and 2, whereas Latin indices,
i, j, k etc. vary from 1 to 3. The quantities hbklabi, hbklab i, hzbklabi, and hzbklab i are called the eﬀective elastic+S
−S
2α
1α
γ
δΩ
δ1hδ
2hδ
Fig. 4. Unit cell of the inhomogeneous cylindrical layer.
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according tohf ðn1; n2; zÞi ¼
1
jXj
Z
X
f ðn1; n2; zÞdn1 dn2 dz ð6aÞHere, n1, n2 and z are the macroscopic variables and are deﬁned asn1 ¼
a1A1
dh1
; n2 ¼
a2A2
dh2
and z ¼ c
d
ð6bÞ
where A1(a1,a2) and A2(a1,a2) are the coeﬃcients of the ﬁrst quadratic form of the mid-surface layer, and jXj is
the volume of the unit cell in coordinates n1, n2, and z.
Before Eqs. (4) and (5) are applied, the local functions bklab, b
kl
ab must be determined from the following unit
cell problems (Kalamkarov, 1992):1
hb
obklib
onb
þ ob
kl
i3
oz
¼ 0 ð7Þ
1
hb
nb b
kl
ib þ n3 bkli3 ¼ 0 at z ¼ z ð8Þ
1
hb
obklib
onb
þ ob
kl
i3
oz
¼ 0 ð9Þ
1
hb
nb b
kl
ib þ n3 bkli3 ¼ 0 at z ¼ z ð10ÞHere, nþi ðni Þ are the components of the outward (inward) unit normal vector corresponding to the surface,
z = z+ (z = z) and deﬁned in the coordinate system n1, n2, z. Problems (7) and (9) with appropriate boundary
conditions (8) and (10) and periodicity conditions in tangential directions are solved entirely on the domain of
the unit cell and are called ‘‘unit cell problems’’.
In fact, the local functions bklab, b
kl
ab , are not solved directly from (7) and (9). Instead, the following
deﬁnitions:blmij ¼
1
hb
cijnb
oUlmn
onb
þ cijn3 oU
lm
n
oz
þ cijlm ð11Þ
blmij ¼
1
hb
cijnb
oV lmn
onb
þ cijn3 oV
lm
n
oz
þ zcijlm ð12Þare used to relate the local functions with the yet unknown functions Ulmn ðn1; n2; zÞ, V lmn ðn1; n2; zÞ and the elastic
coeﬃcients of the material, cijlm. These functions are periodic in ni (with respective period Ai) but not in z.
Hence, Eqs. (11) and (12) are ﬁrst substituted in Eqs. (7)–(10) and then the functions Ulmn and V
lm
n are deter-
mined. These are in turn back substituted in Eqs. (11) and (12) to obtain the local functions bklab and b
kl
ab , and
ﬁnally these are used to determine the eﬀective elastic coeﬃcients by averaging over the volume of the unit cell
according to (6a). It should be noted, as can also be observed from Eqs. (4) and (5), that there is a correspon-
dence between the eﬀective elastic coeﬃcients and the extensional, Aij, coupling, Bij and bending Dij, coeﬃ-
cients familiar from the classical composite laminate theory (Reddy, 1997). These areð13Þ
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important conﬁgurations of composite and smart composite shells and plates (Kalamkarov, 1987, 1992; Kal-
amkarov and Kolpakov, 1997; Kalamkarov and Georgiades, 2004; Georgiades and Kalamkarov, 2004). This
technique is used here to derive the engineering constants and constitutive relations pertaining to single-walled
carbon nanotubes.
3.2. Asymptotic treatment of cylindrical network shell with periodic structure
As mentioned earlier, a SWCNT is modeled as a three-dimensional inhomogeneous cylindrical shell. The
nanotube shell is strictly periodic and void of any topological defects such as Stone–Wales defects and vacancy
defects; the radius of curvature of the shell is much larger than the shell thickness; terms of order higher than
O(d2) are neglected in the pertinent asymptotic assumptions (see Kalamkarov, 1992; Kalamkarov and Geor-
giades, 2004; Georgiades and Kalamkarov, 2004); the constituent nanotube material is homogeneous; the bars
representing the chemical bonds are cylindrical. The nanotube shell has a uniform thickness d which implies
that F+  F  0 (see Fig. 4). Further, it is assumed that the region of space of perforations (which does not
contain any carbon–carbon bonds) is assigned zero material properties (Kalamkarov et al., 2005). The eﬀec-
tive coeﬃcients of this structure are determined on the basis of the solution of the local problems (Eqs. (7)–
(12)) on the individual unit cell. Suppose that the unit cell of the network shell is formed by N bars, such that
the jth bar (j = 1,2,3 . . . ,N) which is made of isotropic material with Young’s modulus Ej and Poisson’s ratio
vj, subtends an angle uj with coordinate line a1. Local problems (Eqs. (7)–(10)) can be solved for each bar of
the unit cell separately (see Fig. 5), and the eﬀective stiﬀness of the entire structure can be determined by super-
position using Eq. (6a).
We note that by using this method, we accept the error incurred at the regions of overlap of the bars. How-
ever, this error is highly localized and does not contribute signiﬁcantly to the integral over the unit cell. Fol-
lowing this procedure for the case of a SWCNT the eﬀective coeﬃcients are easily determined from Eqs. (7),
(9), (11) and (12), the averaging equation (6), and the angle uj between the jth element of the unit cell and the
a1 axis. The results arehbklabi ¼
XN
j¼1
EjB
abkl
j cj ð14Þ
hzbklabi ¼ hbklab i ¼ 0 ð15Þ
hzbklab i ¼
XN
j¼1
Ej B
abkl
j þ
Cabklj
1þ tj
 !
cj
16
ð16Þ2α
1α
2δ
δ
2l
l
2α
1α
δ
2δ
2l
l
(a) (b)
Fig. 5. Periodicity cell of SWCNT. (a) Armchair and (b) zig-zag (Kalamkarov et al., 2005).
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abkl
j depend on the index combination abkl and are given asB1111j ¼ cos4 uj C1111j ¼ cos2 uj sin2 uj
B2222j ¼ sin4 uj C2222j ¼ sin2 uj cos2 uj
B1212j ¼ cos2 uj sin2 uj C1212j ¼
1
4
ðcos4 uj þ sin4 uj  2 cos2 uj sin2 ujÞ
B1122j ¼ B2211j ¼ cos2 uj sin2 uj C1122j ¼ C2211j ¼  cos2 uj sin2 uj
B1112j ¼ B1211j ¼ cos3 uj sinuj C1112j ¼ C1211j ¼
1
2
ðcosuj sin3 uj  cos3 uj sinujÞ
B1222j ¼ B2212j ¼ cosuj sin3 uj C1222j ¼ C2212j ¼
1
2
ðcos3 uj sinuj  cosuj sin3 ujÞ
ð17ÞIt is noteworthy to mention here that the eﬀective hbklabi coeﬃcients are independent of the shape of the cross-
section of the bars and only depend on their volume fraction (i.e. their cross-sectional area). On the contrary,
the eﬀective hbklab i coeﬃcients are necessarily dependent on the shape of the cross-section due to their depen-
dence on the transverse coordinate.
Referring to Fig. 5a, the stress and moment resultants are determined as follows (Kalamkarov et al., 2005):N 11 ¼ d2 El
p
16
ﬃﬃﬃ
3
p ð3e11 þ e22Þ
N 22 ¼ d2 El
p
16
ﬃﬃﬃ
3
p ðe11 þ 3e22Þ
N 12 ¼ d2 El
p
16
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3
p e12
ð18Þ
M11 ¼ d3 Eð1þ vÞl
p
ﬃﬃﬃ
3
p
768
½ð4þ 3vÞk11 þ vk22
M22 ¼ d3 Eð1þ vÞl
p
ﬃﬃﬃ
3
p
768
½vk11 þ ð4þ 3vÞk22
M12 ¼ d3 Eð1þ vÞl
p
ﬃﬃﬃ
3
p
768
½ðvþ 1Þk12
ð19ÞThe results pertinent to the unit cell of Fig. 5b can be obtained by interchanging indices 1 for 2, in Eqs. (18)
and (19). The calculation of the eﬀective elastic and shear moduli follow from Eqs. (18) and (19) and are given
below in Section 5.
4. Numerical technique based on ﬁnite element implementation
For the numerical study, the carbon nanotube is replaced by an equivalent structural model. The nanotubes
can be visualized as carbon atom network shell, obtained by rolling up a graphene sheet. As the carbon atoms
in both the graphene sheet and the rolled-up nanotube are held together by covalent bonds of characteristic
bond length, the carbon atoms can be viewed as material points which are connected by load carrying beam
elements (Li and Chou, 2003). Co-relations between molecular mechanics and structural mechanics are used
to establish the equivalency between the two models. The structural model is then analyzed using the devel-
oped ﬁnite element computational procedure. The elastic response of structural model is then used to calculate
the properties of continuum tube (shell).
4.1. Correlation between structural and molecular mechanics
At the molecular level, the interaction between individual carbon atoms can be described using the force
ﬁelds of the corresponding nucleus–nucleus and electron–nucleus interactions (Machida, 1999). If electrostatic
A.L. Kalamkarov et al. / International Journal of Solids and Structures 43 (2006) 6832–6854 6841interactions are neglected, the total steric potential energy (Utotal) which characterizes the force ﬁeld can be
obtained as the sum of energies due to valence (or bonded) and non-bonded interactions (Rappe et al.,
1992), given asFig. 6.
(cf. RaU total ¼
X
Ur þ
X
U h þ
X
U/ þ
X
U vdw ð20Þ
Here, Ur, Uh, U/, Uvdw correspond to energy associated with bond stretch interactions, bond angle bending,
torsion (dihedral and out of plane) and Van der Waals forces (non-covalent). Fig. 6a, illustrates the various
inter-atomic interactions at the molecular level. Several harmonic and non-harmonic potential functions have
been proposed to describe the inter-atomic interactions of carbon atoms (Rappe et al., 1992; Tersoﬀ, 1992;
Brenner, 1990; Cornell et al., 1995). Gelin (1994) suggested that for small deformations simple harmonic
approximations are suﬃcient to describe the potential energy of the force ﬁelds.
Assuming that the covalent interactions between carbon atoms can be represented using simple harmonic
functions, the vibrational potential energies due to interactions between covalently bonded carbon atoms can
be represented by Eqs. (21)–(23)Bond stretching energy; Ur ¼ 1
2
krðr  r0Þ2 ¼ 1
2
krðDrÞ2 ð21Þ
Bond bending energy; U h ¼ 1
2
khðh h0Þ2 ¼ 1
2
khðDhÞ2 ð22Þ
Total torsional energy; U/ ¼ 1
2
k/ðD/Þ2 ð23ÞEquivalence of molecular mechanics and structural mechanics for covalent and non-covalent interactions between carbon atoms
ppe et al., 1992; Li and Chou, 2003). (a) Molecular mechanics model and (b) structural mechanics model.
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shown in Fig. 6a), and the quantities r and h refer to the distance and bond-angle after deformation. Conse-
quently, the terms Dr, Dh, and D/ correspond to change in bond-length, bond angle and dihedral angle,
respectively. The terms kr, kh and k/ represent the force constants associated with stretching, bending and tor-
sion, respectively, of the chemical bond. The carbon atoms in the nanotube are held together by covalent
bonds of characteristic bond length and bond angles, and the corresponding molecular forces constrain any
displacement of individual atoms (Li and Chou, 2003). The non-covalent interactions like Van der Waals
forces can be adequately described using Lennard-Jones potential (Haile, 1992; Walther et al., 2001). The cor-
responding energy is given byV LJ ¼ 4e rr
 12
 r
r
 6 
ð24ÞIn Eq. (24) the terms r (in nm) and e (in kJ/mol) are deﬁned as the Lennard-Jones parameters. They are mate-
rial speciﬁc and determine the nature and strength of the interaction. The term r corresponds to the distance
between the interacting particles. A typical curve of the Lennard-Jones potential is given in Fig. 7.
Due to the nature of the molecular force ﬁelds between two atoms, they can be treated as forces acting
between two junctions (or material points) that are separated by structural beam or spring elements. Thus,
the lattice of the carbon nanotubes can be considered as a three dimensional hexagonal network of beam
(covalent) and spring (non-covalent) elements. Fig. 6 illustrates the correlation between beam elements and
the molecular forces between bonded carbon atoms. To determine the force constants pertaining to the cova-
lent interactions one could equate the potential energies of individual bonds with their corresponding beam
model (Li and Chou, 2003).
The beam elements representing the bond are assumed to be isotropic with length L, cross-sectional area A,
and moment of inertia I. The strain energy under pure axial load P, (pure tension) is given byUP ¼
Z L
0
P 2
2EA
dL ¼ EA
2L
ðDLÞ2 ð25ÞThe strain energy of beam element subjected to pure bending moment M, is given byUM ¼
Z L
0
M2
2EI
dL ¼ EI
2L
ð2aÞ2 ð26ÞSimilarly, the strain energy of the beam element under a pure twisting moment T, is given byUT ¼
Z L
0
T 2
2GJ
dL ¼ GJ
2L
ðDbÞ2 ð27Þ-27
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Fig. 7. Variation of the Lennard-Jones force with inter-atomic distance of carbon atoms (Walther et al., 2001).
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tively. Eqs. (21)–(23) and Eqs. (25)–(27) represent the same quantities in two diﬀerent systems (molecular and
structural) so they can be equated, thus establishing a link between the two systems. Also, assuming the terms
DL, Dh and D/ are equivalent to their structural mechanics counterparts, i.e., Dr, 2a and Db, respectively, one
obtains the tensile stiﬀness (EA), cross-sectional bending stiﬀness (EI) and torsional rigidity (GJ) of the struc-
tural model in terms of the molecular mechanics force constants kr, kh and k/ (Li and Chou, 2003). These areTable
Input
Cross-
Mome
Polar m
Elastic
ShearEA
L
¼ kr; EIL ¼ kh;
GJ
L
¼ k/ ð28ÞIn the structural system, the Van der Waals forces due to non-covalent interactions are assumed to be mim-
icked by spring elements. The force acting in such a spring element can be obtained by diﬀerentiating Eq. (24)
and is given byF LJ ¼ dV ðrÞ
dr
¼ 4 e
r
12 r
r
 12
þ 6 r
r
 6 
ð29ÞIn summary, the parameters in Eqs. (28) and (29) are used to model the molecular behaviour in the structural
model. In case of single-walled carbon nanotubes (with only covalent bonds) the parameters in Eq. (28) are
suﬃcient to describe the structural model (with beam elements). In case of multi-walled carbon nanotubes,
the Van der Waals interactions between carbon atoms in diﬀerent concentric tubes must also be considered,
and hence Eq. (29) is used as well.
4.2. Modeling of nanotubes using ﬁnite element model
The structural model discussed above describes a nanotube model using beam and spring elements. Fur-
thermore, the carbon atoms will be denoted by nodes at appropriate locations. The global coordinates of car-
bon atoms in a nanotube could be traced by applying a mere transformation on the corresponding locations of
the carbon atoms on the graphite plane (Laszlo and Rassat, 2003; Laszlo, 2004). Subsequently, the ﬁnite ele-
ment models pertaining to various types (single-, double- and multi-walled) and conﬁgurations (zig-zag and
armchair) of the carbon nanotubes have been developed. The covalent interactions are modeled using
three-dimensional beam elements. These beam elements have six degrees of freedom at each node: translations
in nodal x, y, z and rotations about the nodal x, y, z. They are capable of uniaxial tension or compression
along with torsional and bending deformations. Table 2 summarizes the geometric and material properties
of the elastic beam element which are input to FE model. The spring elements corresponding to non-covalent
interactions between carbon atoms are modeled using a non-linear spring element, which is capable of uniaxial
tension or compression. The element has three degrees of freedom at each node (translations in nodal x, y and
z axes) and is speciﬁed by two nodes and a non-linear force–displacement relationship.
The elastic properties of the beam elements (assumed to have a diameter db and length l) are assumed to be
isotropic and obtained from Eq. (28). They areThe bond diameter; db ¼ 4
ﬃﬃﬃﬃ
kh
kr
r
ð30Þ
Young’s modulus of the elastic beam; E ¼ k
2
r L
4pkh
ð31Þ2
sectional and material properties of the beam element
sectional area, A 1.68794A˚2
nt of inertia, IYY = IZZ = I 0.22682 A˚
4
oment of inertia, IXX 0.453456A˚
4
modulus of beam element, E 5.488 · 108 N/A˚2
modulus of beam element, G 8.711 · 109 N/A˚2
Fig. 9.
nanotu
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2
r Lk/
8pk2h
ð32ÞThe present investigation assumes typical values for the force ﬁeld constants, kr, kh and k/ as 6.52 · 107
N/nm, 8.76 · 1010 N nm/rad2 and 2.78 · 1010 N nm/rad2, respectively (Allinger et al., 1989; Cornell
et al., 1995; Jorgensen and Severance, 1990). Substitution of these values into Eqs. (30)–(32) results in a
Young’s modulus of 5.488 · 108 N/A˚2, shear modulus of 8.701 · 109 N/A˚2 and a diameter (db) of
1.466 A˚ for the structural beam element. These parameters are fed as inputs to the FE model. Also, the
compressive-force displacement relationship of these spring elements can be approximated through the
Lennard-Jones force, see Eq. (29). Assuming displacement to be the change in inter-atomic distance relative
to the critical distance of 0.38 nm (at r = 0.38 nm, the Lennard-Jones force is zero, see Walther et al., 2001),
the non-linear stiﬀness–displacement relationship of the spring elements is obtained and shown in Fig. 8.
The FE models developed for diﬀerent conﬁgurations of nanotubes are illustrated in Fig. 9. Fig. 9(c) cor-
responds to the FE model for a typical double-walled nanotube set. The ﬁnite element model generation of0
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Fig. 8. Variation of the stiﬀness of structural spring with inter-atomic distance.
Finite element models developed for diﬀerent conﬁgurations of nanotubes. (a) Armchair (7,7), (b) zig-zag (70) and (c) double-wall
bes (5,5) and (10,10).
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creation of the spring elements between nodes of the concentric tubules when the distance between them is less
than 3.8 A˚ but greater than 3 A˚.
Subsequent to their creation, the FE models are investigated for their elastic response under the action of
pure tension and pure torsion. Simulation of pure tension was achieved by constraining both translational and
rotational degrees of freedom on the nodes at one edge (lower end) of the nanotube, while the other end was
loaded in pure tension. Likewise, the condition of pure torsion on nanotubes is obtained by completely con-
straining the nodes at one edge (lower end), while the nodes at the upper end were constrained from moving in
radial direction (UR = 0). A uniform tangential force was then applied on all nodes at the upper end. These
considerations are illustrated in Figs. 10 and 11.Fig. 10. Boundary and loading conditions on the FE models of typical single-walled nanotube. (a) Zig-zag (7,0), (b) armchair (7,7),
(c) zig-zag (10,0) and (d) armchair (7,7).
Fig. 11. Boundary and loading conditions on the FE models of typical multi-walled nanotube sets. (a) Four walled zig-zag nanotube set
(5,0) (14,0) (23,0) (32,0) under pure tension and (b) four walled armchair nanotube set (5,5) (10,10) (15,15) (20,20) under pure tension.
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5.1. Results from the asymptotic homogenization technique
The elastic properties of a homogenized SWCNT are obtained from Eq. (18) as follows (Kalamkarov et al.,
2005):N 11
N 22
N 12
2
64
3
75 ¼ d2 E
l
p
16
ﬃﬃﬃ
3
p
3 1 0
1 3 0
0 0 1
2
64
3
75
e11
e22
e12
2
64
3
75 ð33ÞThe elastic modulus in the a1 direction can be calculated by assuming that only load N11 acts on the structure
i.e., N22 = N12 = 0. Using these values in Eq. (33) we gete11
e22
e12
2
64
3
75 ¼ l
Ed2
16
ﬃﬃﬃ
3
p
p
3 1 0
1 3 0
0 0 1
2
64
3
75
1 N 11
0
0
2
64
3
75 ð34ÞThe eﬀective modulus in the a1 direction is given asE11 ¼ r11e11 ¼
N 11=d
e11
¼ p
6
ﬃﬃﬃ
3
p dE
l
 
ð35ÞSimilarly, the eﬀective modulus in the direction of a2 can be calculated by applying N22 alone, to giveE22 ¼ r22e22 ¼
N 22=d
e22
¼ p
6
ﬃﬃﬃ
3
p dE
l
 
ð36ÞIn Eqs. (33)–(36) and in the sequel, by r and e we denote stresses and strains, not to be confused with the
Lennard-Jones parameters in Eqs. (24) and (29). The eﬀective shear modulus G12 can be obtained by applying
only N12. The result is (Kalamkarov et al., 2005):G12 ¼ s12e12 ¼
N 12=d
2e12
¼ p
32
ﬃﬃﬃ
3
p dE
l
 
ð37ÞIt can thus be observed that the eﬀective modulus of the structure in both a1 and a2 directions is the same.
Therefore, the Young’s modulus of the SWCNT along the longitudinal direction can be given as (Kalamkarov
et al., 2005):ESWCNT ¼ p
6
ﬃﬃﬃ
3
p dE
l
 
ð38ÞEqs. (37) and (38) represent explicit relationships for the moduli of SWCNT in terms of material and geomet-
ric parameters. As an illustration, and for the purpose of an eﬀective comparison with the ﬁnite element meth-
od, let us use the expressions for kr, kh and k/ (for a circular cross-section) in Eq. (28) and the typical values
for these force constants from p. 20 to obtain the following:E ¼ 5:488 106 N=nm2; d ¼ 0:147 nm; L ¼ 0:142 nm ð39Þ
Substituting these quantities in Eq. (38) yields:ESWCNT ¼ 1:71 TPa ð40aÞ
The corresponding shear modulus is calculated using Eq. (37), and isGSWCNT ¼ 0:32 TPa ð40bÞ
In the next section, we present the corresponding values based on the FE approach.
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To calculate the eﬀective properties of a nanotube based on the FE approach it is assumed that the nano-
tube can be represented by an equivalent continuum tube shown in Fig. 12. The Young’s modulus is then
given asENT ¼ re ¼
P=A0
DL=L0
ð41ÞHere, P is the total axial force applied, A0 is the cross-sectional area of the equivalent continuum tube, DL is
the corresponding axial deformation obtained from the ﬁnite element model and L is the length of the nano-
tube under investigation.
Similarly, the shear modulus of the carbon nanotube isGNT ¼ TL0hJ 0 ð42Þwhere T is the total torque applied on the nanotube, h is the angle of twist (obtained from ﬁnite element solu-
tion) and J0 is the polar moment of inertia for the continuum tube model of nanotube. The parameters A0 and
J0 for single-walled or multi-walled carbon nanotubes, can be calculated by considering the cross-section of
the continuum models as shown in Fig. 13. For single-walled nanotubes of mean radius RNT, the cross-sec-
tional area and polar moment of inertia can be obtained as follows:A0 ¼ p RNT þ t
2
 2
 RNT  t
2
 2 
ð43aÞFig. 12. Equivalence of molecular, ﬁnite element and continuum models.
Fig. 13. Cross-sectional equivalence of nanotubes and their continuum tube models. (a) Single-walled carbon nanotube and (b) multi-
walled carbon nanotube.
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2
RNT þ t
2
 4
 RNT  t
2
 4 
ð43bÞSimilarly if RNT,in and RNT,out are the inner and outer radii of a multi-walled carbon nanotube, then the cross-
sectional area and polar moment of inertia are given byA0 ¼ p½ðRNT;out þ tÞ2  ðRNT;in  tÞ2 ð44aÞ
J 0 ¼ p
2
½ðRNT;out þ tÞ4  ðRNT;in  tÞ4 ð44bÞThe radii RNT, RNT,in and RNT,out are based on the corresponding chiral indices and are obtained from Eq. (2).
Based on the formulation described above, Young’s and shear moduli are calculated for both single- and
double-walled carbon nanotubes. Both zig-zag and armchair conﬁgurations are investigated and compared.
The carbon–carbon bond length (ac–c) was assumed to be 0.142 nm. However, no established values are
available for the wall thickness, t, of the nanotube. The values of the wall thickness as suggested by available0.8
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Fig. 14. Young’s modulus of single-wall carbon nanotubes as a function of tube diameter.
A.L. Kalamkarov et al. / International Journal of Solids and Structures 43 (2006) 6832–6854 6849literature, varied signiﬁcantly from 0.066 nm (Yakobson et al., 1996) to 0.34 nm (Robertson et al., 1992; Lu,
1997) and 0.68 nm (Odegard et al., 2002). In view of such a wide range of suggested wall thickness, a study is
performed using the FE model presented herein. Results indicate that an appropriate wall thickness for the
proposed modeling approach is about 0.68 nm. This value of wall thickness is in excellent agreement with
the work of Odegard et al. (2001, 2002).
The Young’s modulus of single-walled nanotube varied from 0.96 TPa to 1.04 TPa as the nanotube diam-
eter varied from 4 A˚ to 35 A˚. Fig. 14 shows the comparison of our ﬁnite element results obtained for Young’s
modulus (E) for both zig-zag and armchair nanotubes as a function of the nanotube diameter. It can be
observed that for same diameter, the Young’s modulus of zig-zag single-wall carbon nanotubes is higher than
that of armchair nanotubes. Furthermore, it can be observed that values of Young’s modulus are more sen-
sitive to tube diameter at lower tube diameters, and this sensitivity decreases remarkably with increasing tube
diameter. Shear modulus values for SWCNTs were found to be in the range of 35–50% of the corresponding E
values. Fig. 15 shows a comparison of our ﬁnite element results for the shear modulus values obtained for both
zig-zag and armchair SWCNTs. As in the case of Young’s modulus, the shear modulus of zig-zag nanotubes is
higher than that of their armchair counterparts. Moreover, the shear modulus is more sensitive to the tube0
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Fig. 15. Shear modulus of single-wall carbon nanotubes as a function of tube diameter.
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Table 3
Comparison of results of our current investigation with literature
Type of nanotube Young’s modulus (TPa) Shear modulus (TPa) Tube thickness (A˚)
Current investigation (analytical–asymptotic homogenization model)
Single-walled CNT 1.44 0.27 1.29
Current investigation (numerical–structural mechanics based FE approach)
Single-walled CNT 0.97–1.05 0.14–0.47 6.8
Double-walled CNT 1.32–1.39 0.37–0.62 6.8
Multi-walled CNT 1.39–1.58 0.44–0.47 6.8
Experimental studies (from literature)
Researcher Modulus (TPa) Method used Type of nanotube
Krishnan et al. (1998) 1.3 ± 0.5 Thermal vibrations SWCNT
Lourie and Wagner (1998) 2.8-3.6 Raman Spectroscopy SWCNT
Salvetat et al. (1999) 1 AFM SWCNT
Tombler et al. (2000) 1.2 3 point bending SWCNT
Yu et al. (2000a) 1.002 (mean) AFM (tensile tests) SWCNT
Treacy et al. (1996) 1.8 ± 1.4 Amplitude of thermal vibrations MWCNT
Wong et al. (1997) 1.28 ± 0.6 AFM (cantilever bending) MWCNT
Yu et al. (2000b) 0.27–0.95 AFM (tensile tests) MWCNT
Analytical or theoretical studies pertaining to SWCNT (from literature)
Researcher Modulus (TPa) Method used Tube thickness (A˚)
Yakobson et al. (1996) 5.5 MD simulations (Brenner potential) 0.66
Lu (1997) 1 Empirical force constant model 3.4
Yao and Lordi (1998) 1 MD simulations (thermal vibration) 3.4
Hernandez et al. (1998) 1.24 Density functional theory (DFT) 3.4
Odegard et al. (2001, 2002) n/a Equivalent continuum model 6.8
Li and Chou (2003) 1.01 Structural mechanics approach 3.4
Xiao et al. (2005) 1–1.2 Analytical molecular structural
mechanics based on Morse potential
–
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(1998), Li and Chou (2003) and Xiao et al. (2005).
The calculation of Young’s modulus of double-wall carbon nanotubes based on the ﬁnite element model
resulted in values in the range of 1.32–1.39 TPa, see Fig. 16. These values are comparable to those predicted
experimentally by Wong et al. (1997) and Salvetat et al. (1999). The shear modulus of the double-wall carbon
nanotubes has been found to be in the range of 0.37–0.62 TPa. Fig. 17 shows the variation of the shear mod-
ulus of double-wall carbon nanotubes for increasing values of the outer tube diameter. As in the case of single-
walled nanotubes the values of E and G of double-wall nanotubes are sensitive to the increase in tube diameter
and the values predicted for zig-zag conﬁguration are higher than those of their armchair counterparts.
Next, FE models of multi-walled carbon nanotubes (with three and four walls) were investigated. Fig. 18
shows the variation of Young’s modulus for typical MWCNTs with increasing number of walls (or tubes) for
both zig-zag and armchair conﬁgurations. It can be observed that the largest increase in modulus (about 35%)
occurs when we move from single-walled to double-wall carbon nanotubes. However, subsequent increase in
number of tubes results in a smaller increase of the elastic modulus. Similar considerations apply to the shear
modulus, see Fig. 19.
In summary, both the analytical and numerical approaches used to determine the elastic properties of nano-
tubes, resulted in values of similar magnitude. Table 3 summarizes the results obtained and compares them
with literature values (where available).
6. Conclusions
Two diﬀerent approaches (analytical and numerical) have been presented to characterize the structure–
property relationships of carbon nanotubes. In the analytical study, single-walled carbon nanotubes are
modeled as a cylindrical network shell with periodic microstructure. The original boundary value problem
6852 A.L. Kalamkarov et al. / International Journal of Solids and Structures 43 (2006) 6832–6854is analytically transformed to a group of two simpler problems, called unit cell problems. The eﬀective prop-
erties are ﬁnally determined from the solution of these unit cell problems. Based on this approach the explicit
formulae are derived representing Young’s and shear moduli of SWCNT in terms of pertinent material and
geometric properties, see Eqs. (37) and (38). In particular, assuming certain values of these properties, see
Eq. (39), it is found that the Young’s modulus of the single-walled nanotube is 1.71 TPa, and the shear mod-
ulus is 0.32 TPa.
In the numerical study, ﬁnite element models pertaining to single-, double- and multi-walled carbon nano-
tubes (both zig-zag and armchair conﬁgurations) are developed. The correlation between the structural
(mechanical) and molecular models is accomplished using the available correlations based on inter-atomic
potentials. These mechanical models are characterized by the existence of beam elements which represent
the covalent bonds between carbon atoms in SWCNT (and in individual tubule of MWCNT), and non-linear
spring elements which represent the weaker Van der Waals interactions between carbon atoms of neighbour-
ing tubules. The eﬀective geometric and stiﬀness properties of the beams and the load–displacement charac-
teristic of the spring element are input into the developed ﬁnite element models. The deformations obtained
from the ﬁnite element model, under pure tension and pure torsion are then analyzed using basic principles
of stress analysis and used to calculate the eﬀective longitudinal and shear moduli for diﬀerent nanotube con-
ﬁgurations. The eﬀect of tube diameters and the wall thickness on the elastic properties is investigated for both
SWCNT and MWCNT.
The developed numerical modeling approach predicts that the Young’s modulus of SWCNTs varies from
0.97 TPa to 1.05 TPa. Also, shear modulus values of SWCNTs were found to be in the range of 0.14–0.47 TPa.
The shear moduli were found to be more sensitive to the tube diameter then the tensile modulus. For double-
walled carbon nanotubes, the Young’s modulus varied from 1.32 TPa to 1.39 TPa, while the shear modulus
varied from 0.37 TPa to 0.62 TPa. With regards to multi-walled carbon nanotubes, the Young’s modulus var-
ied from 1.39 TPa to 1.58 TPa, whereas the shear modulus varied from 0.44 TPa to 0.47 TPa (for three wall
and four wall MWCNTs). In addition, it was observed that the shear modulus is more sensitive to an increase
in the number of tubules than the Young’s modulus.
In conclusion, the proposed methodologies showed good conformance with the reported experimental and
analytical values. The developed modeling techniques represent important basis for further research on
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